Abstract. We show that if the canonical dual of an affine frame has the affine structure, with the same number of generators, then the core subspace V 0 is shift invariant. We demonstrate, however, that the converse is not true. We apply our results in the setting of oversampling affine frames, as well as in computing the period of a Riesz wavelet, answering in the affirmative a conjecture of Daubechies and Han. Additionally, we completely characterize when the canonical dual of a quasi-affine frame has the quasi-affine structure.
Given a frame wavelet Ψ , we define a sequence of subspaces by
Clearly, {V j (Ψ ) : j ∈ Z} satisfies items 1, 2 and 3. However, there are examples of frame wavelets such that either 4 or 5 fails to hold. Upon first inspection, it may seem that the conditions that the canonical dual of Ψ is a frame wavelet and Ψ generates a GMRA are independent. But in fact they are connected, though the purpose of this paper is to demonstrate that this connection is unlike the Riesz basis case. If Ψ generates a Riesz basis, then condition 4 above holds. Condition 5 holds, however, if and only if the (unique) dual of {D n T z ψ : n ∈ Z, z ∈ Z d , ψ ∈ Ψ } is of the form {D n T z φ : n ∈ Z, z ∈ Z d , φ ∈ Φ}, with the cardinalities of the sets Ψ and Φ being equal [15, 21, 22] .
The obvious extension of this fact to frame wavelets is false, as described in the following two theorems. 
Theorem 2. (i)
There exists an affine frame {D n T l ψ} with an alternate dual {D n T l η} but with V 0 (ψ) not shift invariant.
(ii) There exists an affine frame {D n T l ψ} with no affine duals but with V 0 (ψ) shift invariant.
A complete characterization of when the canonical dual of a frame wavelet Ψ is also a frame wavelet is unknown at this time. For quasi-affine frames, however, we announce the characterization below.
The quasi-affine system was introduced by Ron and Shen [24] to accommodate shift invariant space theory to affine frames. Define the operator D by renorming D: Df (x) = |det A|f (Ax). The quasi-affine system is given by
As with the affine system, if U q (Ψ ) is a frame, one wishes to know if any of its duals also has the form U q (Φ), and in particular, if the standard dual has the quasi-affine structure. 
This paper is organized as follows. We conclude this section with necessary definitions and preliminary results. In Section 1 we prove Theorems 1-3. In Section 2 we apply Theorem 1 to problems in oversampling of affine frames and computing the period of an affine frame. In particular, we provide a partial answer to a conjecture of Daubechies and Han regarding periods of frame wavelets by showing that a period of a dyadic Riesz wavelet is either 0 or 2 J for some non-negative integer J. Finally, in Section 3 we give a number of examples illustrating Theorem 2.
A frame for a separable Hilbert space H is a collection of vectors {x j } j∈J , indexed by a countable set, such that there exist constants 0 < C 1 ≤ C 2 < ∞ for which
If only the upper bound holds in the above inequality (that is, C 1 = 0), then {x j } is said to be a Bessel sequence with a constant C 2 .
The frame operator for a frame {x j }, which is a bounded, positive, invertible operator, is given by
The frame {x j } is said to be tight if we can choose C 1 = C 2 ; this is equivalent to S = C 1 I, where I is the identity operator. A second frame {y j } is dual to {x j } if v = j∈J v, y j x j ; at least one dual always exists, called the canonical (or standard ) dual , given by {S −1 x j }. In general, a frame has many duals; a dual which is not the canonical dual is called an alternate dual. The affine system is U := {D n T z : n ∈ Z, z ∈ Z d }. Following [14] , the local commutant of the affine system, at ψ, is
The canonical dual of an affine frame U(Ψ ) is U(Φ) if and only if
where S is the frame operator of U(Ψ ). Equivalently, the canonical dual of U(Ψ ) has the affine structure if and only if
In case M is the identity matrix, we shall say that W is shift invariant, or SI.
Finally, in this paper, the Fourier transform is defined for f ∈ L 1 (R d ) by
Given a measurable subset K ⊂ R d we define the spaceĽ 2 (K), which is invariant under all translations, by
Proofs of the main results.
We set out to prove Theorem 1.
Proof of Theorem 1. Define bounded operators B 0 and B 1 by
A trivial exercise shows that B 1 commutes with the operators T z for all z ∈ Z d . Therefore, the closure of the range of B 0 is invariant under T z . Thus, we only need to show that
Since Φ is the canonical dual wavelet frame of
Our claim now follows.
Two frame wavelets Ψ and Φ which have shift invariant core spaces are called core equivalent if there exists a unitary operator U :
The following is a corollary to the proof of Theorem 1. Proof. We can consider the operator B 0 as defined above as an operator from V 0 (Φ) to V 0 (Ψ ). Let B 0 = U |B 0 | be the polar decomposition of B 0 , where U is the partial isometry from the range of |B 0 | into V 0 (Ψ ). Note that U has the property that U T z = T z U .
The proof of Theorem 1 demonstrated that B 0 has dense range in V 0 (Ψ ). By symmetry, B * 0 has dense range in V 0 (Φ). Therefore, |B 0 | has dense range in V 0 (Φ) and the kernel of U is trivial. Hence, U can be extended to an isometry U : V 0 (Φ) → V 0 (Ψ ) with trivial kernel. It follows that U is the necessary intertwining unitary.
In the proof of Theorem 2 we will use the following two standard results. Theorem 4 gives a sufficient condition for an affine system to be a Bessel sequence. Its proof can be found in [20, Theorem 13.0.1] or in the proof of [13, Lemma 3.4] . Lemma 1 is a basic perturbation result for frames, which can be found in [9, Corollary 2.7] or [17, Theorem 3] .
for some δ > 0. Then the affine system {D n T l f } is a Bessel sequence, where 
Proof of Theorem 2(i).
Let ε > 0 and ψ = ψ 0 + εψ 1 , where
Clearly, ψ 0 is a tight frame wavelet, which is a dilated version of the usual orthonormal Shannon waveletχ [−2π,−π]∪ [π,2π] . The function ψ 1 should be regarded as a perturbation term of ψ = ψ 0 + εψ 1 . The exact form of ψ 1 is not relevant. In fact, it suffices to take any ψ 1 ∈ L 2 (R) such that ψ 1 ∈ L ∞ (R) and
Define the usual sequence of spaces W j (ψ), j ∈ Z, as
A simple calculation shows that
Thus, by scaling we have
In particular,Ľ
Therefore,
On the other hand,
is not SI. This follows immediately from a basic fact stating that any SI space V ⊂Ľ 2 (−π, π) must be of the form V =Ľ 2 (K) for some measurable K ⊂ (−π, π).
By Theorem 4, {D n T l ψ 1 } is a Bessel sequence. Therefore, by Lemma 1, ψ = ψ 0 + εψ 1 is a frame wavelet for sufficiently small ε > 0, since the Bessel constant of {D n T l (εψ 1 )} is equal to the product of ε 2 and the Bessel constant of {D n T l ψ 1 }.
It is easy to check that ψ and ψ 0 satisfy the following characterization equations:
ψ(2 j ξ) ψ 0 (2 j (ξ + 2πq)) = 0 for a.e. ξ and for q odd.
Therefore, ψ 0 is an alternate dual wavelet frame to ψ, which completes the proof of Theorem 2(i).
Proof of Theorem 2(ii)
. Let 1 < a < √ 2 and let ψ ∈ L 2 (R) be given by
We claim that V 0 (ψ) is shift invariant and furthermore
Since the inclusion "⊂" in (3) is trivial, it remains to show "⊃".
Take any g ∈Ľ 2 (−π, π) with g ∞ ≤ M for some constant M < ∞. By a simple density argument it suffices to show that g ∈ V 0 (ψ). We claim that any such g can be decomposed as
the convergence being in L 2 (R). We recall that for any j ∈ Z,
for some 2 j+1 π-periodic m j (ξ).
By induction we define the sequence {m j } j≤−1 and, consequently, {f j } j≤−1 in (4) using (5) . Let K = (−2π, −π) ∪ (π, 2π) be the Shannon wavelet set. Define m −1 (ξ) by
we define m −n−1 (ξ) by
j=−n 2 j K. Moreover, since ψ(2 n+1 ξ) = 1 for all ξ ∈ 2 −n−1 K, the equality (7) also holds for ξ ∈ 2 −n−1 K. This shows the induction hypothesis (6) for n + 1.
Furthermore, for ξ ∈ 2 −n−1 K we have
and consequently
By (5),
By (5) and (6),
which shows (4). This completes the proof of (3). It remains to show that ψ is a frame wavelet which has no affine duals. Indeed, we can represent ψ = ψ 0 + aψ 1 , where
. Clearly, ψ 0 is an orthonormal Shannon wavelet and ψ 1 is a tight frame wavelet with constant 1. Therefore, by Lemma 1, ψ = ψ 0 + aψ 1 is a frame wavelet since a > 1.
Finally, we need to show that ψ has no affine duals. On the contrary, suppose that φ ∈ L 2 (R) is an affine dual of ψ. Then, by the characterization equations,
e. ξ and for q odd. (9) Hence, for a.e. ξ with π < |ξ| < 2π, by (9) we have φ(ξ + 2πq) = 0 for every odd q. Thus,
Combining (2), (8), and (10) yields φ(ξ) = 1 for a.e. π < |ξ| < 2π. (11) Applying (9) for −π < ξ < −π/2 and q = 1 and using (2) and (11) 
which implies φ(ξ) = −a for a.e. 2π < |ξ| < 3π. (12) More generally, define recursively the sequence {a j } j≥1 by setting a 1 = 1 and
Note that a j is odd for odd j and a j is even for even j. We will show inductively that for all j ≥ 1,
Clearly, (13) holds for j = 1, 2 by (11) and (12) .
Suppose that (13) holds for even j. Applying (9) for π/2 < ξ < π and q = a j−1 and using (2) and (13) 
which implies
showing (13) for j + 1. Likewise, suppose that (13) holds for odd j. Applying (9) for −π < ξ < −π/2 and q = a j−1 + 1 and using (2) and (13) 
showing (13) for j + 1.
This completes the proof of (13) for all j ≥ 1. Since a ≥ 1, we have φ 2 = ∞, which contradicts φ ∈ L 2 (R). This shows that ψ has no affine duals and completes the proof of Theorem 2(ii).
As illustrated above, in contrast to the Riesz basis case, the shift invariance of V 0 (Ψ ) does not reveal all of the information desired about the dual structure of Ψ . However, under a special condition, the shift invariance of V 0 (Ψ ) does give more information (see also Theorem 9).
Theorem 5. Suppose Ψ is a frame wavelet which is similar to a semiorthogonal frame wavelet Φ. Then V 0 (Ψ ) is shift invariant if and only if the standard dual of the affine frame generated by Ψ is an affine frame with the same number of generators.
Recall that the frame wavelet Φ = {φ 1 , . . . , φ r } is said to be semi-
Frame wavelets Ψ and Φ are similar if there is an invertible operator V such that
i.e., V maps Φ onto Ψ and V is in the local commutant of the affine system at Φ. Note that V commutes with D.
Proof. Clearly, the "if" implication is true. We will show that the "only if" implication is true using the idea of the local commutant [14] .
Let S Φ and S Ψ be the frame operators of Φ and Ψ , respectively. Since the frame wavelet Φ is semi-orthogonal, it is not hard to show that S Φ maps
onto itself and
Consequently, the standard dual of (14) ,
Thus,
Therefore, to show that the standard dual of {D n T z ψ i } is affine with the same number of generators, we must show that
since V commutes with D. Since S Φ maps W 0 (Φ) isomorphically onto itself, it suffices to show that
For n > 0, we have
Likewise,
For n < 0, we have
where f ∈ V 0 (Ψ ), since it is shift invariant. Finally, for n = 0,
Therefore, (15) holds, which completes the proof of Theorem 5.
Since every Riesz wavelet is similar to an orthonormal wavelet, as an immediate corollary of Theorem 5 we obtain the previously mentioned result for Riesz wavelets [15, 21, 22] .
with the cardinality of the sets Ψ and Φ being equal.
Quasi-affine frames.
We now set out to prove Theorem 3. Let S q Ψ denote the frame transform of the quasi-affine system U q (Ψ ), i.e.
Clearly, the standard dual of U q (Ψ ) has the form U q (Φ) if and only if
With the quasi-affine system, this is much easier to determine than with the affine system.
Proof. The "if" implication is obvious. Suppose that S ∈ C ψ (U q ) for all ψ ∈ Ψ . Define the unitary counterpart of the quasi-affine system as follows:
Note that V q Ψ is still a complete system, and that S ∈ C ψ (U q ) for all ψ ∈ Ψ if and only if S ∈ C ψ (V q ) for all ψ ∈ Ψ . For the purposes of this proof, let C denote an arbitrary element of V q . It suffices to show that ST k Cψ = T k SCψ and SDCψ = DSCψ for all ψ ∈ Ψ . We note that V q is a shift invariant system, i.e.,
Define two mappings on V q by
We have
It now follows that S ∈ {T
Proof. If S ∈ {T z : z ∈ Z d } ∩ {D} , then S commutes with the von Neumann algebra generated by {T z : z ∈ Z d } and D. Note that this von Neumann algebra contains the operators
for all j ∈ Z and z ∈ Z d . Therefore, this von Neumann algebra contains all translation operators, i.e. T α for all α ∈ R d . It now follows that S is a Fourier multiplier.
To see that s(ξ)
is "A * -dilation periodic", note that
Proof of Theorem 3. We first introduce some notation and results from [18] (see also [23] ). For a frame of the form
where C p ∈ GL(d, R) and P is a countable index set, define the following continuous function:
where S g is the frame operator of the above frame.
Let
) and f compactly supported and supported away from 0}.
It is shown in [18] that w(x) is in fact an almost periodic function given by
where If a quasi-affine system is a frame, then it satisfies the necessary integrability condition mentioned above [18, Proposition 5.6] . Write 
Suppose that the canonical dual of U q (Ψ ) is of the form U q (Φ), whence by Proposition 1, S q Ψ ∈ {D, T z } . For f ∈ D, the almost periodic function w(x), as defined above, is constant, since (16) and (17) .
Conversely, suppose ( 
Clearly, s(A * ξ) = s(ξ), whence by Lemma 2, S q Ψ ∈ {D, T z } , and the standard dual of U q (Ψ ) is of the form U q (Φ).
It is also possible to give an alternative proof of Theorem 3, which is based on the theory of shift invariant spaces and more precisely on techniques of dual Gramians introduced by Ron and Shen [24] . We will employ the following result, which can be found in [4, Theorem 2.5(ii)] or [24] . 
let G(ξ) be the dual Gramian of A at ξ, i.e., G(ξ) is the frame operator of
{( ϕ(ξ + 2πk)) k∈Z d : ϕ ∈ A} ⊂ 2 (Z d ).
Then the shift invariant system
We will also need an additional result tying a frame operator of a shift invariant system to its corresponding dual Gramians using range operators; see [ 
Theorem 7. Suppose A is a countable collection of functions in L 2 (R d ) such that the shift invariant system E(Φ) is a frame for L 2 (R d ). Let S be the frame operator corresponding to this system. Then the dual Gramian G(ξ) is the range operator corresponding to S, that is,
(19) ( Sf (ξ + 2πk)) k∈Z d = G(ξ)(( f(ξ + 2πk)) k∈Z d ) for a.e. ξ and f ∈ L 2 (R d ).
In particular , S is a Fourier multiplier if and only if G(ξ) is a diagonal operator on
2 (Z d ) for a.e. ξ.
Another proof of Theorem 3. Since U q (Ψ ) is a shift invariant system, it can be written as E(A) for some countable collection
where q ∈ Z d \ A * Z d and n ≥ 0 are unique elements satisfying l − k = A * n q, and {e k } k∈Z d is the standard orthonormal basis of 2 (Z d ).
Suppose that the canonical dual of U q (Ψ ) is of the form U q (Φ). Then by Proposition 1 and Lemma 2, the frame operator S q Ψ is a Fourier multiplier. Therefore, by (21) and Theorem 7, (1) holds.
Conversely, suppose that (1) holds. Then, by (19) - (21), and Theorem 7, the frame operator S q Ψ is a Fourier multiplier with the symbol s(ξ) given by (18) . Since s(ξ) = s(A * ξ), the canonical dual of U q (Ψ ) is of the form U q (Φ) by Proposition 1 and Lemma 2. This completes the proof of Theorem 3.
Ron and Shen showed in [25, Theorem 1(c)] that if the canonical dual of U q (Ψ ) is of the form U q (Φ), then U(Φ) is the canonical dual of U(Ψ ).
As seen from Theorem 3 and from Examples 1 and 2 in Section 3, the converse is not true.
Corollary 3. There exist frame wavelets U(Ψ ) with canonical dual of the form U(Φ), but the canonical dual of U q (Ψ ) is not of the form U q (Φ).
Remark 1. We note that in Corollary 3, U q (Φ) is still an alternate dual of U q (Ψ ). Indeed, Ron and Shen [24] showed that U(Ψ ) is a frame if and only if U q (Ψ ) is a frame and the frame bounds are preserved. This was shown in [24] under some decay conditions on Ψ and Φ, which were subsequently removed in [12] . Furthermore, U(Φ) is a dual of U(Ψ ) if and only if U q (Φ) is a dual of U q (Ψ ) (see [3, Theorem 4 
.1]).
Another consequence of Proposition 1 is that similarity of quasi-affine frames preserves nice properties, unlike similarity in the affine case. 
; by definition, V is one-to-one. Furthermore, V has dense range. Finally, V ∈ {T z : z ∈ Z d } ; whence, if V 0 (Ψ ) is shift invariant, then so is V 0 (Φ). Moreover, taking the partial isometry part of the polar decomposition of V yields the necessary intertwining operator.
Remark 2. We remark that Theorem 8 is not true for the affine case; let ψ be an orthonormal wavelet and φ be a Riesz wavelet that is not biorthogonal. Then clearly U(ψ) and U(φ) are similar, but neither item (i) nor (ii) above holds.
Applications of Theorem 1

Oversampling affine frames.
In this subsection we consider several applications of Theorem 1 regarding oversampling of an affine frame. The classical oversampling result is the Chui-Shi second oversampling theorem which says that if
is a tight frame and N is odd, then
is also tight with the same frame bound [11] . It is known that if N is even, tightness can be lost, and exact conditions for when oversampling by even N preserves tightness are given in [8] . More general results can be found in [10] .
Here we are interested in the case when the oversampling is accomplished by the dilation matrix, i.e. we consider the frame given by {D n T z D −1 ψ}.
Proof. We write out both sides of the equality:
We see immediately that since
If Ψ is semi-orthogonal, then V −1 (Ψ ) is shift invariant if and only if W 0 (Ψ ) is shift invariant by the lattice A −1 Z d , which converts to a support condition of the Fourier transform of Ψ (see [26] ). As a corollary, we have the following:
. . , r} if and only if
Proof. The "only if" implication follows from Theorem 1.
is also shift invariant and
Ψ is also a semi-orthogonal frame wavelet, and so its standard dual is affine. It follows that if Ψ is a tight, semi-orthogonal frame wavelet such that V −1 (Ψ ) is shift invariant, then D −1 Ψ is also a tight, semi-orthogonal frame wavelet.
Corollary 4. If Ψ is a compactly supported orthonormal wavelet, then the standard dual of
Remark 3. It is interesting to note that it is possible to oversample by D −1 a second time and regain tightness. For example, if ψ is a Meyer orthonormal wavelet, then D −1 ψ has the property that V 0 (D −1 ψ) is not shift invariant, and hence its standard dual is not an affine frame. However, it is easy to check that D −2 ψ is a tight frame wavelet (see Example 3). There we show that D −1 ψ has no alternate duals of the form {D n T l φ} either. Moreover, D −1 ψ is MRA based (see [16] ) in the sense that D −1 ψ ∈ V 1 (ψ). So it is possible for a frame wavelet to be MRA based and have no affine frame duals.
Periods of affine frames.
In this subsection we turn our attention to univariate affine frames associated with an integer dilation factor A, |A| ≥ 2. Daubechies and Han [15] have introduced the notion of the period of a dyadic affine frame (that is, when A = 2), which can be easily transplanted to a non-dyadic situation.
is a frame wavelet associated with an integer dilation factor A, |A| ≥ 2. The period of Ψ is the smallest integer k ≥ 1 such that for all f ∈ span{T z ψ : z ∈ Z, ψ ∈ Ψ },
where S is the frame operator of Ψ . If there is no such k then we say that the period of Ψ is 0.
We remark that the period of Ψ can be equivalently defined as the smallest integer k ≥ 1 such that S −1 is in the local commutant of {D n T km : n, m ∈ Z} of T z ψ for all z ∈ Z and ψ ∈ Ψ .
In their paper [15] , Daubechies and Han pose the question of whether the period of a dyadic frame wavelet is always either 0 or 2 J for some whole number J. We will show that the answer is positive for Riesz wavelets. The remaining case of non-Riesz affine frames remains open.
We start by showing the following result which sheds some light on the period of an affine frame. Proof. If the period of Ψ divides M , then the standard dual of the frame 
As an immediate consequence of Proposition 2 we have the following corollaries. To show Theorem 10 we will use the following basic lemma.
Proof. This is immediate. We decompose k = an + bm for some integers a, b ∈ Z. Then for any j ∈ Z,
Proof of Theorem 10. Let r ≥ 1 be the smallest integer such that V 0 (Ψ ) is rZ-SI. If there is no such r then V 0 (Ψ ) is not SI by any sublattice of Z and by Corollary 6, the period of Ψ is 0, and we are done. 
, which shows by the minimality of r that m = 1 and r = (
By Proposition 2 and the minimality of r, the period of Ψ is equal to r.
As an immediate corollary of Theorem 10 we obtain a partial answer to Daubechies and Han's question. The proof of the above properties is not always immediate, as Theorem 2(ii) suggests. For example, to show that V 0 (ψ a ) is SI, it is necessary to prove that
The proof of this in the case of 1 < a < √ 2 is given by Theorem 2(ii). The exact same argument shows (22) also for 0 < a ≤ 1. However, the case a ≥ √ 2 requires a more general and less constructive approach that we will skip here.
If a = 0 then ψ a is the orthonormal Shannon wavelet, hence all claimed properties follow. If 0 < a < 1, then ψ a is a perturbation of the Shannon wavelet, which is a Riesz wavelet by the following variant of Lemma 1, to be found in [ 
Moreover, by Proposition 2, the period of ψ a is 1, since V 0 (ψ a ) is Z-SI. Therefore, ψ a is a biorthogonal Riesz wavelet for 0 < a < 1 (see also [21, 22] ). Furthermore, ψ a is associated with the same MRA as the Shannon orthonormal wavelet (see [6, 7] ).
The fact that ψ a is not a frame wavelet for a = 1 will follow from the corresponding property of ψ b in Example 2 for b = π/2. Finally, the proof of Theorem 2(ii) shows that ψ a is a frame wavelet without affine duals for any a > 1. Moreover, ψ a is not a Riesz wavelet. Otherwise, ψ a would need to be a biorthogonal Riesz wavelet since V 0 (ψ a ) is Z-SI. This is a contradiction with the fact that ψ a has no affine duals for a > 1. Despite the simplicity of the form of ψ b , the justifications of the above properties are even more involved than those in Example 1. We start by studying the properties of V 0 (ψ b ).
It is clear that for any 0 ≤ b ≤ 2π we have
is not SI for b = 0. Using a rather involved orthogonality argument, which we will skip here, it is possible to show that
Furthermore, it is easy to show that
Therefore, V 0 (ψ b ) is SI for every 0 < b ≤ 2π. Now we turn to frame properties of the affine system {D n T l ψ b }. It is clear that {D n T l ψ b } is not even a Bessel sequence for b = 0. Hence, we can move to the situation when b > 0 by considering different ranges of the parameter b.
, is a frame wavelet with the lower frame constant ≥ 2. Therefore, by Lemma 1, ψ b = ψ 0 + ψ 1 is also a frame wavelet, where ψ 1 is the Shannon wavelet, i.e., ψ 1 = χ (−2π,−π)∪(π,2π) . A similar argument to that in the proof of Theorem 2(ii) shows that ψ b does not have any affine duals.
Interestingly, if π/4 < b ≤ π/3 then the above argument fails, since ψ 0 as above is a frame wavelet with the lower frame constant 1, and we cannot conclude that ψ b = ψ 0 +ψ 1 generates a frame. However, based on an heuristic evidence we believe that ψ b is still a frame wavelet for π/4 < b ≤ π/3, but our present arguments are overly complicated, and hence we skip them here. It appears that the borderline case b = π/3 is the hardest and it would be interesting to have a rigorous and direct proof of this case.
Case II. Next, we will show that ψ b is not a frame wavelet for every π/3 < b < 2π/3. To show this we need to use the following standard identity, which can be shown by the periodization argument: Note that {D n T l ψ 1 } is a frame and {D n T l ψ 2 } is a Bessel sequence, so Ψ = {ψ 1 , ψ 2 } is a frame wavelet.
We first claim that this frame wavelet has no duals of the form {D n T l φ i : i = 1, 2}. Suppose to the contrary that there is a frame wavelet Φ = {φ 1 , φ 2 } which is a dual to Ψ . We must have the following: For ξ ∈ (2π/3, 4π/3), (33) reduces to ψ 1 (ξ) φ 1 (ξ + 2πq) = 0 for a.e. ξ, q odd. Setting q = −1 yields that φ 1 (ξ) = 0 for ξ ∈ (−4π/3, −2π/3). Therefore, for ξ ∈ (−2π/3, −π/3), (32) reduces to 1 = ψ 1 (ξ) φ 1 (ξ) + ψ 1 (2ξ) φ 1 (2ξ) + ψ 2 (2ξ) φ 2 (2ξ) = ψ 1 (ξ) φ 1 (ξ) + ψ 2 (2ξ) φ 2 (2ξ) = ψ 1 (ξ)[ φ 1 (ξ) + φ 2 (2ξ)].
Therefore, since ψ 1 (ξ) decays to 0 on (−2π/3, −π/3), φ 1 (ξ)+ φ 2 (2ξ) must be unbounded, which is a contradiction to the fact that Φ was a frame wavelet.
We next claim that V 0 (Ψ ) is shift invariant. It is easy to see that span{T z ψ i : z ∈ Z, i = 1, 2} =Ľ 2 ((−4π/3, −π/3) ∪ (π/3, 4π/3)). Therefore, V 0 (Ψ ) =Ľ 2 ((−2π/3, 2π/3)), which is clearly shift invariant.
